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Renormalization Group Invariance of the Pole Mass in the Multi-Higgs system
Chungku Kim
(Dated: August 9, 2018)
We have investigated the renormalization group running of the pole mass in the multi-Higgs
theory in two different types of the gauge fixing conditions. It turns out that the pole mass when
expressed in terms of the Lagrangian parameters, is invariant under the renormalization group with
the beta and gamma functions of the symmetric phase.
PACS numbers: 11.15.Bt, 12.38.Bx
The pole mass plays an important role in the process where the characteristic scale is close to the mass shell[1] and
was shown to be infrared finite and gauge invariant[2]. The physical quantities such as the pole mass and the beta
functions obtained in the minimal subtraction(MS) scheme was used in determining the Higgs mass bound[3] or the
vacuum stability analysis[4]. These beta functions take different forms when calculated in different renormalization
schemes[5] and in most of the cases, they are obtained in the symmetric phase with the MS scheme[6] and the pole
masses we are interested in are those in the broken symmetry phase. Hence, it seems to be necessary to investigate
the renormalization group(RG) behavior of the physical quantities such as the pole mass in the broken phase under
the beta functions in the symmetric phase and it was shown that if the pole mass was expressed in terms of the
Lagrangian parameters in the symmetric phase it is RG invariant under the beta and gamma functions obtained in
the symmetric phase in the minimal subtractions(MS) scheme in case of the neutral scalar and the Abelian Higgs
model[7][8] and also have shown the gauge parameter independence[9]. Recently, the models with non-minimal Higgs
bosons are of interest in the new physics to solve the question of the origin of the neutrino mass, matter-antimatter
asymmetry in the universe and the nature of dark matters[10] and in this paper, we will investigate the RG behavior
of the Higgs pole mass in these multi-Higgs model by generalizing the method that we have used in [7][8].
The pole masses M2i of the multi-Higgs model is determined as [11][
det Γpq(p
2)
]
p2=−M2
i
= 0, (1)
where the renormalized inverse propagator Γpq(p
2) is obtained from the renormalized effective action in the broken
symmetry phase ΓBS (See Eqs.(11) and (21)). In order to see the RG behavior of the pole mass of the multi-Higgs
model defined in Eq.(1), we will investigate the RG equation of the renormalized effective action in two different gauge
fixing terms according to whether the Lagrangian parameters in the symmetric phase contains parameters that should
be identified as a vacuum expectation values(VEVs) in the broken symmetry phase or not. The former contains the
Feynman gauge and the Rξ gauge[12] and the latter contains the Rξ gauge[13] and let us consider the former case first.
The renormalized effective action ΓS [µ, {φi} ,
{
m2i
}
, {gi} , ξ] in the symmetric phase satisfies the RG equation[14] due
to the renormalization mass scale µ independence as
[D + γijφj
δ
δφi
]ΓS(µ, {φi} ,
{
m2i
}
, {gi} , ξ) = 0, (2)
where {φi} ,
{
m2i
}
and { gi} are the classical fields of Higgs, the masses and the coupling constants of the model and
D ≡ µ
∂
∂µ
+ βm2
i
∂
∂m2i
+ βgi
∂
∂gi
+ γξ
∂
∂ξ
, (3)
with
µ
∂m2i
∂µ
= βm2
i
, µ
∂gi
∂µ
= βgi , µ
∂φi
∂µ
= γijφj and µ
∂ξ
∂µ
= γξ. (4)
It also satisfies the Nielsen identity[15] which describe the dependence of the effective action on the gauge parameter
ξ generalized in the multi-Higgs model as
{
∂
∂ ln ξ
+ Cξi (φ)
δ
δφi
}ΓS(µ, {φi} ,
{
m2i
}
, {gi} , ξ) = 0. (5)
In case of the spontaneous symmetry breaking, the mass terms in the potential term changes sign as − 12m
2
iφ
2
i and as
a result Higgs field φi develop a VEV satisfying[
δΓS(µ, {φi} ,
{
−m2i
}
, {gi} , ξ)
δφl
]
φi=v
= 0, (6)
2which can be solved to obtain the VEV as a function of µ,m2 and λ as v(µ,
{
m2i
}
, {gi} , ξ). Although the mass terms
in the potential term changes sign as − 12m
2
iφ
2
i , we can formally change the sign of the mass term
{
m2i
}
in Eq.(2) to
obtain
0 = [µ
∂
∂µ
+ β
−m2
i
∂
∂(−m2i )
+ βgi
∂
∂gi
+ γξ
∂
∂ξ
+ γijφj
δ
δφi
]ΓS(µ, {φi} ,
{
−m2i
}
, {gi} , ξ)
= [µ
∂
∂µ
+ βm2
i
∂
∂m2i
+ βgi
∂
∂gi
+ γξ
∂
∂ξ
+ γijφj
δ
δφi
]ΓS(µ, {φi} ,
{
−m2i
}
, {gi} , ξ), (7)
where we have used β
−m2
i
= −βm2
i
. This means that ΓS(µ, {φi} ,
{
−m2i
}
, {gi} , ξ) satisfies RG equation with the
identical RG functions as those in the symmetric phase ΓS(µ, {φi} ,
{
m2i
}
, {gi} , ξ). Now, by operating D on Eq.(6)
we obtain
0 = (Dvj)
[
δ2ΓS(µ, {φi} ,
{
−m2i
}
, {gi} , ξ)
δφjδφl
]
φi=vi
+
[
D
δΓS(µ, {φi} ,
{
−m2i
}
, {gi} , ξ)
δφl
]
φi=v
= (Dvj)
[
δ2ΓS
δφjδφl
]
φi=vi
+
[
−γli
δΓS
δφi
− γijφj
δ2ΓS
δφiδφl
]
φi=v
, (8)
where we have used Eqs.(6) and (7) and as a result obtain the RG equation for the VEVs as
Dvi = γijvj . (9)
The effective action in the broken symmetry phase ΓBS is given by
ΓBS(µ, φi,
{
m2i
}
, {gi} , ξ) = ΓS(µ, φi + vi(µ,
{
m2i
}
, {gi} , ξ),
{
−m2i
}
, {gi} , ξ), (10)
and by operating D on ΓBS , we can obtain the RG equation for ΓBS as
DΓBS = DΓS(µ, φi + vi,
{
−m2i
}
, {gi} , ξ) = (Dvj)
∂ΓS(µ, φi + vi,
{
−m2i
}
, {gi} , ξ)
∂φi
+DΓS(µ, φi + vi,
{
−m2i
}
, {gi} , ξ)
= (Dvj)
∂ΓS(µ, φi + vi,
{
−m2i
}
, {gi} , ξ)
∂φi
− γij(φj + vj)
δΓS(µ, φi + vi,
{
−m2i
}
, {gi} , ξ)
δφi
= −γijφj
δΓBS
δφi
, (11)
where we have used Eq.(9) to obtain the last line of above equation. Then the renormalized inverse propagator Γpq(p
2)
can be obtained from
Γpq(p
2) =
[
δ2ΓBS
δφpδφq
]
φ=0
, (12)
and by applying δ
2
δφpδφq
to the RG equation of the renormalized effective action in the broken symmetry phase ΓBS
given in Eq.(10), we can obtain the RG equation for Γpq(p
2) as
DΓpq(p
2) = γpiΓiq(p
2) + γqiΓip(p
2). (13)
Now, let us consider the Rξ gauge fixing where the Lagrangian parameters in the symmetric phase contain param-
eters that should be identified as a VEV in the broken symmetry phase and briefly review the case of Abelian Higgs
model with one Higgs [9]. In Rξ gauge in the symmetric phase, the gauge fixing term is given by
1
2ξ
(∂µAµ − ξguG)
2. (14)
This gauge fixing term causes a tadpole divergence which should removed by an additive renormalization of Higgs
field in addition to the usual multiplicative renormalization[16] and a result, the gamma function for the Higgs field
in symmetric phase is given by
µ
∂φ
∂µ
= γφ+ γ̂u. (15)
3One of the consequence of this process is the difference of the RG behavior between the Higgs field and the VEV[17].
In the broken symmetry phase, the Higgs field H develops an VEV v and as a result, the kinetic mixing term arises
between the gauge field Aµ and the Goldstone field G. By identifying u in Eq.(14) with v in the broken symmetry
phase, the cross term cancels the kinetic mixing term in the broken symmetry phase.
Now let us consider the general multi-Higgs model containing the Higgs fields Hi and the Goldstone bosons Gi. In
this case, the possible kinetic mixing terms with the gauge boson Aµi will be of the form AµivjHk or AµivjGk where
vj is the VEV of the Higgs field Hj and in order to remove this we need a gauge fixing terms
1
2ξ (∂µAiµ − ξgujHk)
2
and 12ξ (∂µAµ − ξgujHk)
2 in the symmetric phase and then should identify uj with vj in the broken symmetry phase.
Then the renormalized effective action can be written as ΓS [µ, {φi} , {gi} ,
{
m2i
}
, ξ, {ui}] where {φi} , {gi} and
{
m2i
}
are the classical fields of Higgs, coupling constants and the masses of the model. Since the renormalized effective
action ΓS [µ, {φi} , {ci} , ξ, {ui}] do not depend on the renormalization mass scale µ, it satisfies the RG equation[14]
as
[D + (γijφj + γ̂ijuj)
δ
δφi
+ γ˜ijuj
∂
∂ui
]ΓS(µ, {φi} ,
{
m2i
}
, {gi} , ξ, {ui}) = 0, (16)
where the operator D is given in Eq.(3) and
µ
∂m2i
∂µ
= βm2
i
, µ
∂gi
∂µ
= βgi , µ
∂φi
∂µ
= γijφj + γ̂ijuj , µ
∂ξ
∂µ
= γξ and µ
∂ui
∂µ
= γijuj . (17)
Like the gauge parameter ξ, the gauge parameters {ui} satisfy the Nielsen identity [18] as
∂ΓS(µ, {φi} ,
{
m2i
}
, {gi} , ξ, {ui})
∂ lnui
+ Cuik(φ)
∂ΓS(µ, {φi} ,
{
m2i
}
, {gi} , ξ, {ui})
∂φk
= 0. (18)
By combining Eqs.(16) and (18) we can write
[D + (γijφj + γ̂ijuj)
δ
δφi
− γ˜ij
uj
ui
Cuik(φ)
δ
δφk
]ΓS(µ, {φi} ,
{
m2i
}
, {gi} , ξ, {ui}) = 0. (19)
Now, in the broken symmetry phase, the mass terms
{
m2i
}
change sign and the renormalized effective action in the
broken symmetry phase ΓBS is obtained not only by substituting φi + vi for φi as in case of Feynman gauge and the
Rξ gauge but by identifying ui with vi in order to remove the kinetic mixing term between the gauge field and the
Goldstone field so that
ΓBS =
[
ΓS(µ, {φi + vi} ,
{
−m2i
}
, {gi} , ξ, {ui})
]
ui=vi
. (20)
Therefore, there are two sources of the VEV in ΓBS i.e. one from φi+ vi and the other from ui that should identified
as vi and hence the VEVs are obtained as[
δΓBS
δφi
]
φi=0
=
[
δΓS(µ, {φi + vi} ,
{
−m2i
}
, {gi} , ξ, {ui})
δφi
+
∂ΓS(µ, {φi + vi} ,
{
−m2i
}
, {gi} , ξ, {ui})
∂ui
]
φi=0,ui=vi
=
[
(δil −
Cuil(φi + vi)
ui
)
δΓS(µ, {φi + vi} ,
{
−m2i
}
, {gi} , ξ, {ui})
δφl
]
φi=0,ui=vi
= 0, (21)
where we have used Eq.(18). As a result, we can see that although there are two sources for VEV in ΓS , the condition
to obtain the VEV becomes [
δΓS(µ, {φi} ,
{
−m2i
}
, {gi} , ξ, {vi}
δφl
]
φi=v
= 0. (22)
By operating the operator D on Eq.(22) and by using Eqs.(18),(19) and (22) we obtain
0 = (Dvj)
[
δ2ΓS
δφjδφl
+
δ2ΓS
δφlδuj
]
φi=v,ui=v
+
[
D
δΓS
δφl
]
φi=v,ui=v
= (Dvj)
[
δ2ΓS
δφjδφl
−
1
uj
∂Cujk(φ)
∂φl
δΓS
δφk
−
Cujk(φ)
uj
δ2ΓS
δφkδφl
]
φi=v,ui=v
4+
[
−γil
δΓS
δφi
− (γijφj + γ̂ijuj)
δ2ΓS
δφiδφl
+ γ˜ij
uj
ui
δCuik(φ)
δφl
δΓS
δφk
+ γ˜ij
uj
ui
Cuik(φ)
δ2ΓS
δφkδφl
]
φi=v,ui=v
= [(δjk −
Cujk(v)
vj
)(Dvj)− (γjk + γ̂jk − γ˜ij
Cuik(v)
ui
)vj ]
[
δ2ΓS
δφjδφl
]
φi=v,ui=v
, (23)
from which obtain the RG equation satisfied by the VEV in the multi-Higgs model as
(δjk −
Cujk(v)
vj
)(Dvj) = (γjk + γ̂jk − γ˜ij
Cuik(v)
vi
)vj . (24)
It turns out that in case of Rξ gauge, obtaining the RG equation for the renormalized inverse propagator Γpq(p
2) from
the RG equation for the effective action obtained by operating D on ΓBS as we have done in case of Feynman and
the Rξ gauge is much complicated compared to obtaining the RG equation directly applying D to the renormalized
inverse propagator defined in Eq.(12) ;
DΓpq(p
2) = D
[
δ2ΓBS
δφpδφq
]
φ=0
= D
[
δ2ΓS(µ, φi,
{
−m2i
}
, {gi} , ξ, {ui})
δφpδφq
]
φ=vi,ui=v
= (Dvj)
[
δ3ΓS
δφjδφpδφq
+
∂
∂uj
δ2ΓS
δφpδφq
]
φ=vi,ui=v
+
[
δ2
δφpδφq
DΓS
]
φi=vi,ui=v
= (Dvj)(δjk −
Cujk(v)
vj
)
[
δ3ΓS
δφkδφpδφq
]
φ=vi,ui=v
− {(γij + γ̂ij)vj − γ˜ij
vj
vi
Cuik(v)}
[
δ3ΓS
δφkδφpδφq
]
φ=vi,ui=v
− γpiΓiq(p
2)− γqiΓip(p
2) + γ˜ij
vj
vi
[
δCuik(φ)
δφq
]
φ=vi,ui=v
Γpk(p
2)
+γ˜ij
vj
vi
[
δCuik(φ)
δφp
]
φ=vi,ui=v
Γqk(p
2) + γ˜ij
vj
vi
[
δCuik(φ)
δφpδφq
δΓS
δφk
]
φ=vi,ui=v
= −γpiΓiq(p
2)− γqiΓip(p
2)− γ˜ij
vj
vi
[
δCuik(φ)
δφq
]
φ=vi
Γpk(p
2)− γ˜ij
vj
vi
[
δCuik(φ)
δφp
]
φ=vi
Γqk(p
2), (25)
where we have used Eqs.(19),(22) and (24) to obtain the last line of above equation. From Eqs.(13) and (25), we can
see that the RG equation for the two point function Γpq(p
2) in the broken symmetry phase can be written as
DΓpq(p
2) + ∆piΓiq(p
2) + ∆qiΓip(p
2) = 0, (26)
where the element of the matrix ∆ is defined as
∆pi = γpi, (27)
in Feynman and the Rξ gauge and
∆pi = γpi + γ˜ij
vj
vi
[
δCuik(φ)
δφq
]
φ=vi
(28)
in Rξ gauge.
Now, in order to investigate the RG behavior of the pole mass defined in Eq.(1), let us operate D to this equation
to we obtain
0 = D
[
det Γ(p2)
]
p2=−M2
i
= −(DM2i )
[
δ
δp2
det Γ(p2)
]
p2=−M2
i
+
[
D det Γ(p2)
]
p2=−M2
i
= −(DM2i )
[
δ
δp2
det Γ(p2)
]
p2=−M2
i
+
[
Tr{Γ−1(p2)DΓ(p2)} detΓ(p2)
]
p2=−M2
i
= −(DM2i )
[
δ
δp2
det Γ(p2)
]
p2=−M2
i
+
[
Tr{adj(Γ(p2)DΓ(p2)}
]
p2=−M2
i
, (29)
5where adj(Γ(p2)) is the adjoint of Γ(p2) given as
adj{Γ(p2)} = Γ−1(p2) det Γ(p2). (30)
Note that although
[
det Γ(p2)
]
p2=−M2
i
= 0 and hence
[
Γ−1(p2)
]
p2=−M2
i
does not exist, adj{Γ(p2)} is finite matrix in
this limit. Then, by using Eq.(26), we obtain the second term of the last line of Eq.(29) as[
Tr{adj(Γ(p2)DΓ(p2)}
]
p2=−M2
i
=
[
Tr{adj(Γ(p2)(∆Γ(p2) + Γ(p2)∆}
]
p2=−M2
i
= 2
[
Tr(det Γ(p2)∆)
]
p2=−M2
i
= 0.
(31)
Finally, by substituting this result back to the last line of Eq.(29), we can see that
DM2i = 0, (32)
which means that the pole mass of the multi-Higgs model is invariant under the identical beta and gamma functions
obtained in the symmetric phase in the MS scheme.
In this paper, we have investigated the RG behavior of the pole masses in the multi-Higgs model and have shown
that if the pole masses in the broken symmetry phase are expressed in terms of the Lagrangian parameters in the
symmetric phase, it is RG invariant under the identical beta and gamma functions obtained in the symmetric phase
in the MS scheme. Especially in case of the one-loop order, if we have obtained the pole mass as a function of the
Lagrangian parameters as
M2i =M
2
i(0)(
{
m2i
}
, {gi}) +M
2
i(1)(
{
m2i
}
, {gi} , µ) + · · ·, (33)
where M2
i(0)(
{
m2i
}
, {gi}) and M
2
i(1)(
{
m2i
}
, {gi} , µ) are the tree and the one-loop pole mass determined from the
condition given in Eq.(1), then they must satisfy
(βm2
i
∂
∂m2i
+ βgi
∂
∂gi
)M2i(0)(
{
m2i
}
, {gi}) + µ
∂
∂µ
M2i(1)(
{
m2i
}
, {gi} , µ) = 0. (34)
When there is only one Higgs in the model as in case of Abelian Higgs model and standard model, M2
i(0) becomes
2m2 and this equation becomes
2βm2 + µ
∂
∂µ
M2i(1)(
{
m2i
}
, {gi} , µ) = 0. (35)
Although the one-loop pole mass of Abelian Higgs model given in Ref.[12] satisfies this equation, some of the previously
reported results of pole mass in standard model do not satisfy this condition and we can expect this condition to be
a criterion for the proper renormalization scheme.
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